Abstract. In this paper we investigate the existence of generically finite dominant rational maps from products of curves to surfaces of general type. We prove that the product C × D of two distinct very general curves of genus g ≥ 7 and g ′ ≥ 2 does not admit dominant rational maps-other than the identity-on surfaces of general type.
Introduction
Let X be a non-singular complex projective variety of general type. Let IS(X) be the IitakaSeveri set of X, whose elements are equivalence classes of generically finite dominant rational maps X Y to varieties of general type, where two such maps are equivalent if they differ for a birational isomorphism Y Y ′ of the target varieties. Moreover, let us denote by s(X) its cardinality. The finiteness of IS(X) has been recently proved by means of the main result of [26] and important advances in the knowledge of pluricanonical maps (cf. [38, 36, 20] ). Furthermore, there are several works providing bounds on s(X) (see e.g. [23, 37, 16, 18, 19] and [22, 30] under additional hypothesis).
When X is a curve of genus g with general moduli (i.e. for any point [X] ∈ M g contained in a certain non-empty Zariski open subset of the moduli space) it is well known that X does not dominate other curves of genus greater than one (see e.g. [32] ). Equivalently, Theorem 1.1. Let X be a general curve of genus g ≥ 2. Then s(X) = 1.
If in addition X has very general moduli (so [X] lies outside some countable collection of proper subvarieties of M g ), then its Jacobian is simple and X does not dominate elliptic curves. Furthermore, the cardinality of the Iitaka-Severi set is still one for general plane curves of degree d ≥ 4 and for general hyperplane sections of regular surfaces (cf. [11, 35] ). It is worth noting that these facts may be proved either by a moduli count based on Hurwitz formula, or by a monodromy argument on Hodge structures.
In the light of the above-mentioned results on curves, it is interesting to investigate if-under some assumption of generality in a suitable moduli space-the same statement can be extended to higher dimensional varieties of general type.
Currently, few general results are known in this direction, as it is difficult to apply the techniques used for curves to higher dimensional varieties. On one hand, it is hard to estimate properly the number of moduli of ramification divisors of dominant rational maps X Y . On the other hand, the Kodaira dimension is no longer governed by Hodge structures.
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However, [17] establishes that general surfaces X ⊂ P 3 of degree 5 ≤ d ≤ 11 satisfy s(X) = 1, and the same is conjectured for general hypersurfaces X ⊂ P n of general type and arbitrary degree.
In the following, we discuss this issue on products of curves, that is we investigate the existence of dominant rational maps C × D S, where C and D are smooth complex projective curves and S is some surface of general type.
We recall that the product C × D is of general type if and only if both C and D are of general type. Clearly, if either s(C) > 1 or s(D) > 1, then s(C × D) > 1. Moreover, there are several examples of surfaces of general type dominated by products of curves, as for instance Beauville surfaces (cf. [6, p.159] and [10, 3] ). More generally, there are series of papers aiming to classify surfaces of general type dominated by products of curves under Galois rational coverings (see e.g. [4, 5, 31, 33] for detailed treatises and bibliographical notes on this topic). In particular, curves involved in these constructions always posses non-trivial automorphisms.
On the other hand, when both C and D are assumed to have very general moduli-so they do not possess non-trivial automorphisms and maps on other curves of general type-we prove the following. Theorem 1.2. Let C and D be two distinct very general curves of genus g ≥ 7 and g ′ ≥ 2 respectively. Then s(C × D) = 1.
Hence the theorem above leaves out only finitely many cases to discuss in view of a whole understanding of the problem.
This result is not a direct consequence of the one-dimensional case. In line with [17] , we prove Theorem 1.2 by using the analogues of the techniques we mentioned above for curves. On one hand, we exploit a Hodge theoretical argument using monodromy to deduce that the possible target surfaces of dominant rational maps C × D S have null geometric genus. On the other hand, we perform a moduli count of products of curves, surfaces of general type having p g (S) = 0, and families of curves lying on them. In particular, an important role is played by the use of Mori's bend-and-break technique (cf. [27] and [24, Section II.5]) on isotrivial families of curves covering S, unlike the approach followed in [17] , where it is made an important use of Hurwitz formula and bounds on number of moduli of ramification divisors. Furthermore, in order to treat the case g = 7, we argue by degeneration to stable curves approaching the boundary of the moduli space M g ′ .
We point out that our argument does not apply to lower genera, however we believe that it could be suitably modified to include the case of g and g ′ satisfying g + g ′ ≥ 9. Moreover, it is difficult to exhibit examples of dominant rational maps C × D S on surface of general type when s(C) = s(D) = 1 and the curves do not posses automorphisms. Therefore it seems natural to conjecture that Theorem 1.2 could be extended both to lower genera-except when g = g ′ = 2 because there always exists a dominant map C × D S (cf. Remark 4.2)-and to a Zariski open subset of M g × M g ′ . Namely, Conjecture 1.3. Let C and D be two distinct general curves of genus g ≥ 2 and g ′ ≥ 2 respectively. Then
The plan of the paper is the following. In Section 2 we shall introduce the main preliminary results. In Section 3 we shall turn to isotrivial families of curves covering surfaces of general type.
Moreover, we shall prove a rigidity result for dominant rational maps from products of curves to a fixed surface of general type. Finally, Section 4 shall be devoted to prove Theorem 1.2.
Preliminaries
This section concerns the preliminary results necessary to prove Theorem 1.2. In particular, we shall recall some important facts and prove some results about the moduli space of stable curves and its boundary divisors. Then we shall follow [17, Section 2] to deal with Hilbert schemes and moduli of surfaces of general type. Finally, we shall turn to products of curves and their Hodge structures.
2.1. Notation. We work throughout over the field C of complex numbers. By variety we mean a reduced algebraic variety over C. When we speak of a smooth variety, we always implicitly assume it to be irreducible.
Given a variety X, we say that a property holds for a general point x ∈ X if it holds on a Zariski open non-empty subset of X. Moreover, we say that x ∈ X is a very general point if there exists a countable collection of proper subvarieties of X such that x is not contained in the union of those subvarieties.
As is customary, for any smooth surface X, we denote by q(X) = dim H 1,0 (X) the irregularity and by p g (X) = dim H 2,0 (X) the geometric genus.
2.2.
Moduli of curves. Let M g be the moduli space of smooth projective curves of genus g ≥ 2, which is an irreducible variety of dimension 3g − 3. Let M g denote the Deligne-Mumford compactification and let ∆ = M g − M g be the boundary divisor. We recall that the irreducible components ∆ i of ∆ are closures of loci of curves with one node. In particular, the general curve of ∆ 0 is irreducible, whereas for i = 1, . . . , ⌊g/2⌋, the general curve of ∆ i splits into two irreducible curves of genus i and g − i attached at one point (see for instance [1, Chapter XII] and [21, Chapter 2]).
We are interested in closed subvarieties of M g intersecting ∆ at some point representing curves with only rational and elliptic components. When g = 2, it is well known that the only complete subvarieties of M 2 are points (cf. [13] ), hence any positive dimensional closed subvariety of M 2 parameterizes also curves having only rational and elliptic components.
As far as higher genera are concerned, the following holds (cf. [14, Corollary 2.2]) .
Theorem 2.1. For g = 3 and g ≥ 5, any two irreducible closed subvarieties of M g of codimension one have non-empty intersection.
Therefore codimension-one subvarieties of M g satisfy the following property. Proof. In virtue of Theorem 2.1, the only case to treat is g = 4. Consider the Chow group
of codimension-one cycles of M 4 , and let λ, δ 0 , δ 1 , δ 2 be the standard independent divisor classes generating A 1 M 4 as a vector space. Let aλ + a 0 δ 0 + a 1 δ 1 + a 2 δ 2 be the class of Z. If ∆ 1 and Z had empty intersection, the product of their classes would vanish in the Chow group A 2 M 4 of codimension-two cycles. In particular, we would have a relation (aλ + a 0 δ 0 + a 1 δ 1 + a 2 δ 2 ) δ 1 = 0 between the products of the standard classes, but this is impossible as the unique such a relation is (10λ − δ 0 − 2δ 1 ) δ 2 = 0 (see [14, Section 2] ).
Thus we deduce the following. Proposition 2.3. Let g ≥ 2 and let Z ⊂ M g be an irreducible subvariety of codimension one. Then there exists [Z ′ ] ∈ Z such that Z ′ has only rational and elliptic components.
Proof. The case g = 2 has been discussed above, so we set g ≥ 3 and we proceed by induction on g. By Corollary 2.2, the closure Z ⊂ M g meets the boundary at ∆ 1 . Hence there exists an irreducible complete subvariety Σ ⊂ Z ∩ ∆ 1 of dimension 3g − 5. In particular, if [Z] ∈ Σ, then Z consists of some curves Z 1 and Z g−1 attached at one point, with [
Suppose that for general [Z] ∈ Σ, the curve Z possesses a (unique) smooth component Z g−1 . Therefore the image of the projection π :
has only rational and elliptic components. As Σ is complete, there exists [Z ′ ] ∈ Σ ⊂ Z, with Z ′ consisting of Z ′ g−1 and some elliptic curve Z ′ 1 attached at one point. On the other hand, assume that the general [Z] ∈ Σ has no smooth components of genus g − 1.
Thus there exists a fixed 0
Viceversa, by irreducibility, completeness and dim
In particular, ∆ i -and consequently Σ-parameterizes also curves having only rational and elliptic component.
2.3.
Families of curves. Let B be a smooth variety and let E q −→ B be a family of curves of genus g, that is a surjective proper morphism such that E b = q −1 (b) is a curve of genus g. We recall that if q is a smooth morphism, it is naturally defined a modular map µ : [28, Chapter 5] ). More generally, if q is not smooth and E = E i is an irreducible decomposition such that any component dominates B, we can make a base change
−→ W i is a smooth family of genus g curves and ν −1 (E b ) −→ E b is the normalization map (see [17, Section 2.3] ). Thus we still define the modular map µ :
, and we define the modular dimension of the family E q −→ B as
Given a surface S of general type, let us denote by Hilb(S) its Hilbert scheme. We assume further that E q −→ B is a family of curves on S, that is E ⊂ B × S. Over a Zariski open subset U ⊂ B, the morphism q is flat and we can define a map ρ : U −→ Hilb(S) sending b ∈ U to the point parameterizing the curve E b on S. Thus we define the dimension of the family E on S as
and we have the following result based on Mori's bend-and-break (cf. [17, Proposition 2.3.2]). Theorem 2.4. Let E −→ B be a family of curves of genus g ≥ 2 on a surface of general type. Then
Remark 2.5. We recall a well-known fact often involved in the proof of Theorem 1.2, that is neither rational nor elliptic curves cover a surface of general type (see [2, Proposition VII.2.1]). In particular, D(E/B) = 0 for any family of curves on S of genus g < 2.
2.4. Moduli of surface of general type. Let M K 2 ,χ be the variety parameterizing isomorphism classes of surfaces having numerical invariants χ and K 2 . As in [9] , we consider the isomorphism class [S] ∈ M K 2 ,χ of a surface of general type S, and we denote by M the union of the components of M K 2 ,χ whose points are isomorphism classes of surfaces orientedly homeomorphic to [S] . Then the number of moduli M (S) of S is defined as the dimension of M at [S], and it satisfies the following estimate (cf. [17, Theorem 2.5.1]). Theorem 2.6. Let S be a minimal surface of general type. Then
2.5. Cohomology of products of curves. Let C and D be two curves of genus g and g ′ , respectively. Then the complex cohomology of the surface C × D is governed by Künneth formula (cf. [15, p.103-4] ), that is
In particular, global canonical sections are such that
where φ |ω C | and φ |ω D | are the canonical maps of C and D, whereas σ is the Segre embedding (cf. [7, p.87] ). We note further that H 2,0 (C × D) is isomorphic to the space of holomorphic two-forms of the Hodge substructure H 1 (C, C) ⊗ H 1 (D, C), and we have the following. Lemma 2.7. Let C and D be two distinct very general curves of genus g ≥ 2 and g ′ ≥ 2, respectively. Then the Hodge structure
Proof. Let us consider the Jacobian variety J(C) of C and the cohomology group H 1 (J(C), C) ∼ = H 1 (C, C). As C is assumed to be a very general curve of genus g, the monodromy action on H 1 (C, C) of the symplectic group Sp(2g, Z)-of 2g×2g matrices preserving the intersection form on J(C)-is irreducible. Analogously, we have that Sp(2g ′ , Z) acts irreducibly on H 1 (D, C) . 
Isotrivial families of curves and rigidity
In this section we deal with isotrivial families of curves dominating a surface S of general type. We prove a rigidity result on dominant rational maps C × D S from a product of curves, when the first factor deforms in a family C −→ T with C 0 = C.
We say that a family of curves E q −→ B is isotrivial if there exists a Zariski open subset U ⊂ B such that the fibres E b = q −1 (b) with b ∈ U are all isomorphic to a fixed smooth curve. Moreover, such a family is called trivial when it is birational to the product B ×D endowed with the projection B × D p −→ B. Now, let D be a smooth projective curve of genus g ≥ 2, and let E q −→ B be a one-dimensional isotrivial family with general fibre E b ∼ = D. Under this assumption, the family is dominated by a trivial family (cf. [34] ), which can be constructed using the following explicit base change (see [8, Section 2.4 
]). Let
and let B ′ ⊂ B 0 be any connected component dominating B. Then the fibred product
ψ(y)). Hence we have the rational map of families
given by ((b, ψ), y) −→ ψ −1 (y). Furthermore, the fibred surface B ′ × D is somehow universal among trivial families dominating E. Namely, Lemma 3.1. Let C and D be smooth projective curves of genus g, g ′ ≥ 2. Let E q −→ B be a onedimensional isotrivial family with general fibre isomorphic to D. For any dominant rational map of families
there exist a curve B ′ and a rational map h ′ : C B ′ such that ϕ factors through B ′ × D as a map of families
Proof. Let x ∈ C be a general point. The fibre D x = p −1 (x) coincides with the curve {x}×D, which is a copy of D. Under this identification, the restriction ϕ |{x}×D : D −→ E h(x) is an isomorphism. Therefore we can define a map
whose image is an irreducible component of B 0 . Then we define B ′ ⊂ B 0 to be a connected component containing the image h ′ (C). Finally, for general (x, y) ∈ C × D, we deduce
as claimed.
A family of dominant rational maps from products of curves to a surface S of general type may be viewed as a map f : C × T D S, where C −→ T and D −→ T are families of smooth curves, and the restrictions f t : C t × D t S are dominant. When one of the factors does not move, i.e. D = T × D for some smooth curve D, we have that
In this setting, we combine Theorem 2.4 with Lemma 3.1, and we prove that the maps of the family f : C × D S factor through some fixed surface B ′ × D. Namely, Proposition 3.2. Let D be a smooth projective curve of genus g ′ ≥ 2 and let S be a surface of general type. Let C −→ T be a family of smooth projective curves of genus g ≥ 2 and let f : C × D S be a rational map such that the restrictions f t : C t × D S are dominant. Moreover, assume that for general x ∈ C t , the curve {x} × D maps birationally onto its image
Then there exist a curve B ′ , and for general t ∈ T , a rational map h ′ t :
Proof. Let t ∈ T be a general point. Our aim is to construct an isotrivial family E q −→ B as in Lemma 3.1, being independent of t ∈ T and fitting in a commutative diagram as
We recall that the fibres p −1 t (x) = {x} × D form a family of copies of D with total space C t × D. As f t is dominant, the images f t ({x} × D) produce a one-dimensional family of curves covering S, which is parameterized over some curve B t ⊂ Hilb(S).
Let B := t∈T B t red ⊂ Hilb(S) and let F ⊂ B × S be the restriction to B of the universal family over Hilb(S). We want to prove that B is a curve. By assumption, for general t ∈ T and x ∈ C t , the curve {x} × D is birational onto its image under f t , and hence the normalization of f t ({x} × D) is isomorphic to D. Therefore the modular dimension of F −→ B is M (F/B) = 0. Furthermore, the curve B t does not depend on t ∈ T . Indeed, if B t were deformed on the Hilbert scheme of S as we vary t ∈ T , the dimension of F −→ B on S would be D(F/B) = dim B ≥ 2, but this contradicts Theorem 2.4. Thus F −→ B is a one-dimensional family of curves on S, whose general fibre F b has normalization D.
Let h t : C t −→ B be the map sending x ∈ C t to the point b ∈ B such that f t ({x} × D) = F b . Then we define the dominant rational map f t (x, y) ) .
Normalizing F-and possibly shrinking B-we obtain an isotrivial family of curves F q −→ B whose general fibre F b is isomorphic to D. Furthermore, we can lift ψ t : C t × D F to a dominant rational map of families ϕ t : C t × D F fitting in (3.4). Thus Lemma 3.1 assures that there exist a rational map h ′ t : C t B 0 as in (3.2) and a connected component
Clearly, any h ′ t : C t B 0 maps on some irreducible component of B 0 . Over an open subset of T , we can then assume that the image h ′ t (C t ), and consequently B ′ is independent of t. Finally, let π : F −→ S be the map inherited from the natural projection of F ⊂ B × S. By construction f t = π • ϕ t as rational maps, and hence we have the following commutative diagram
Remark 3.3. We would like to note that both Lemma 3.1 and Proposition 3.2 could also be proved following the approach of [34, Section 2].
Remark 3.4. Under the hypothesis of the proposition, we assume in addition that for general t ∈ T and y ∈ D, the curve C t × {y} maps birationally onto its image f t (C t × {y}) ⊂ S. Then the general C t is birational to an irreducible component of B ′ , and hence the family C −→ T is isotrivial. In particular, any map C × D S is rigid under deformations as above of the first factor.
Remark 3.5. More generally, it would be interesting to have a rigidity theorem for dominant rational maps C × D S, which deform in families f : C × T D S. For instance, by using the techniques of this paper, it is possible to prove that if D has genus g ′ = 2, it cannot move and the maps f t : C t × D S fit in (3.3). In particular, if both C and D have genus 2, then C × D S is rigid as a map from products of smooth curves to a fixed surface of general type.
Proof of Theorem 1.2
This section is devoted to prove Theorem 1.2. We start with a preliminary lemma providing restrictions on surfaces of general type dominated by products of very general curves. Namely, Lemma 4.1. Let C and D be two distinct very general curves of genus g > 2 and g ′ ≥ 2, respectively. Let S be a minimal surface of general type and let f : C × D S be a dominant rational map of degree m > 1. Then
be a resolution of the indeterminacy locus of f , and let f * : H 2 (S, C) −→ H 2 (C × D, C) be the Hodge structure map defined as the composition of the pullback map f * : H 2 (S, C) −→ H 2 (X, C) with the Gysin map h * :
Let us consider the injective morphism f * 2,0 :
, and let us recall that
is the holomorphic part in the Hodge decomposition of H 1 (C, C) ⊗ H 1 (D, C). Then Lemma 2.7 assures that the image of the monomorphism f * 2,0 is either trivial or the whole
Aiming for a contradiction, let us assume
. Therefore the canonical map φ of C × D factors-as a rational map-through f and we have the following diagram
If g ′ > 2, both C and D are embedded by their canonical maps, and hence φ is an embedding by (2.2). Thus we have a contradiction as deg f > 1.
On the other hand, suppose that g ′ = 2. Then the canonical map of D factors through the hyperelliptic map. Hence deg φ = 2 and the canonical image φ(C × D) is birational to C × P 1 . Thus deg f = 2 and S is birational to C × P 1 as well, which is still a contradiction as S is of general type. Moreover, we recall that a very general curve C of genus g ≥ 2 does not dominate other curves of positive genus. So if f : C −→ E is a non-constant morphism to a curve E with normalization E, then either E ∼ = C-and f is birational-or E ∼ = P 1 .
We now prove our result. Firstly, we shall use rigidity of dominant rational maps to set a moduli count excluding the case g ≥ 8. In order to rule out the case of genus 7, we shall study the degeneration of trivial families of curves of genus g ′ dominating a fixed surface S of general type. Arguing by contradiction and using Proposition 2.3, we shall obtain some family of curves having only rational and elliptic components, which still covers S.
of Theorem 1.2. Let C and D be two distinct very general curves of genus g ≥ 7 and g ′ ≥ 2 respectively. Without loss of generality, we set g ≥ g ′ . By contradiction, let us assume the existence of a dominant rational map C × D S of degree m > 1 on a surface S of general type and-up to consider the minimal model of S-let us suppose S to be smooth and minimal.
We define the locus S ⊂ M g × M g ′ as In particular, there is an irreducible component of B ′ dominated by the general fibre C t , and hence by the very general curve C. Therefore the closure of such a component must be a rational curve. Then the surface S is covered by a family of rational curves under the map B ′ × D S in (4.3). Thus we have a contradiction as S is of general type.
In virtue of Lemma 4.1 we have that p g (S) = 0 and the modular dimension of S satisfies M (S) ≤ 19. Furthermore, for a general choice of S among minimal surfaces of general type having p g = 0 and being dominated by a product of very general curves, we have
Moreover, the generically finiteness of
Thus (3g − 3) − 19 ≤ 0 and the assertion of Theorem 1.2 is proved for any g ≥ 8 and g ′ ≥ 2.
Then we assume g = 7 and 2 ≤ g ′ ≤ 7. As a consequence of inequality (4.4) and Claim 4.3 we deduce that the image Z := π 2 (R) ⊂ M g ′ is a subvariety of dimension 3g ′ − 4 ≤ dim Z ≤ 3g ′ − 3. Let Z ⊂ M g ′ be its closure. Therefore Proposition 2.3 assures that there exists [Z ′ ] ∈ Z such that all the irreducible components of Z ′ are rational and elliptic.
Claim 4.4. For any [Z] ∈ Z − Z, there exist a family X −→ W of nodal curves of genus g ′ and a dominant rational map X S, such that the general fibre X w of the family consists of a curve birational to Z and some rational components.
Proof. Let Z be a curve of genus g ′ such that [Z] ∈ Z − Z. Let U be a disk parameterizing a family Y −→ U of curves such that [Y t ] ∈ Z for t = 0 and Y 0 = Z. By construction for any t = 0, there exists a dominant rational map f t : X t × Y t S, with [X t ] ∈ M g . In particular, the images of the curves {x} × Y t under the maps f t describe a family of curves covering S.
We focus on those curves f t ({x} × Y t ) ⊂ S passing through a fixed general point s ∈ S. Up to some base change, we can assume the maps f t to vary holomorphically on U * = U − {0}. Hence we can define a dominant rational map
where the restrictions ξ |Yt are inherited from the maps f t , and the curves ξ (Y t ) pass through s ∈ S.
We extend ξ at t = 0 by nodal reduction (cf. [21, p.119])
so that the central fibre Y ′ 0 is a nodal curve containing a curve birational to Z and the remaining components are rational. Moreover, the image ξ ′ (Y ′ 0 ) ⊂ S is a curve passing through the general point s ∈ S, and hence the assertion follows.
Since [Z ′ ] ∈ Z − Z, there exists a family X ′ −→ W and a dominant rational map X ′ S as in Claim 4.4. In particular, each component of the general fibre X ′ w is either rational or elliptic.
Hence the surface of general type S is covered by curves of genus smaller than two. Thus we get a contradiction and Theorem 1.2 is proved.
Remark 4.5. We note that when 2 ≤ g ′ ≤ g ≤ 6, the subvariety Z ⊂ M g ′ has no longer codimZ ≤ 1, and our argument does not apply. On the other hand, we are assured that Z meets the boundary ∆ ⊂ M g ′ when codimZ ≤ 2g ′ − 2 (cf. [13] ). Hence one can hope to extend Theorem 1.2 to lower genera by refining our techniques and using some results describing the intersection between Z and some ∆ i ⊂ M g ′ (see e.g. [12, 25] for ∆ 0 ).
